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Abstract. We develop the phenomenological amplitude of the πN → ππN reaction taking into account
the exchanges of ∆ and N (∗) along with the OPE mechanism and the polynomial background derived with
the account of isotopic, crossing, C, P and T symmetries of strong interactions.
The data base consisting of total cross sections in the energy region 0.300 ≤ PLab ≤ 500 MeV/c and
1D distributions from the bubble–chamber experiments was used to determine free parameters of the
amplitude. For the first time there was found an amplitude equally well describing the broad variety of
different data in all reaction channels. The best solutions are characterized by χ2

DF = 1.16, N = 411.
The isobar exchanges are found to be more important than OPE at the considered energies. Despite this
the parameters of OPE are statistically significant; however, the ππ–scattering lengths appear different in
different solutions.

PACS. 13.75.-n Hadron-induced low- and intermediate-energy reactions and scattering (energy ≤10 GeV)
– 13.75.Gx Pion-baryon interaction – 13.75.Lb Meson-meson interaction

1 Introduction

The pion–production reactions play the important role in
the low energy physics of elementary particles and nuclei.
The recent results [1] of the so called Generalized ChPT
approach [2] and the progress in the two–loop ChPT cal-
culations [3,1] are claiming for more precise experimental
information on the ππ interaction in O(k6) order. Since
it is not possible to create the pionic target or the collid-
ing pion beams there are only indirect ways for obtain-
ing experimental data on the ππ scattering. The reactions
πN → ππN and K → ππeν are considered as the most
important sources of the indirect information on low en-
ergy characteristics of the ππ interaction.

Some of the planned experimental measurements of
the πN → ππN reactions at low energies listed in [4]
have already been finished: BNL and LAMPF results on
total cross sections have been published [5], [6], 1D-
distributions have appeared recently in WWW (home
pages [7], [8]), higher distributions are in progress, the
off–line treatment of experimental tapes of the TRIUMF
experiment [9] will be completed soon.

The main goal of the present work is to develop the
most extensive phenomenological πN → ππN amplitude
suitable for the model–independent determination of pa-
rameters of ππ interaction and to use this amplutude
for the analysis of the available now data in the near–
threshold and the intermediate energy regions.

We are basing upon the approach [10] by Oset and
Vicente–Vacas; however, the amplitude is assumed to be
relativistic. We try to fix the phenomenological amplitude
by fitting the data on total cross sections and distribu-
tions of the reaction in question in the energy region from
threshold up to PLab ≤ 500 MeV/c.

To avoid any doubt in the results in respect to correct-
ness of acceptances, systematic errors, etc. the distribu-
tion data are chosen to be the bubble–chamber ones. This
leaves us with rather old experiments which are discussed
in Sect. 3. However, the significant part of the data has
never been published and its most part eluded strong the-
oretical analyses apart authors’ checks of some isobar–like
models. Therefore, it seems important to develop tools of
theoretical treatment of such data for the purpose of deter-
mination of characteristics of pion–pion and pion–nucleon
interactions.

It is worth noting that the considered reaction via uni-
tarity relations is directly related to the fundamental pro-
cess of elastic pion–nucleon scattering at intermediate en-
ergies and other processes like γN → ππN which gain the
raising interest in the ChPT approach. The reaction also
enters the pion–nuclei scattering as an elementary pro-
cess. Therefore, the structure of πN → ππN amplitude is
of great importance for nuclear and particle physics.

When possible the reaction πN → ππN will be simply
referred as π2π below.
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The paper is organized as follows. The content of Sect.
2 reminds the basics of the low energy phenomenology of
the π2π reaction and describes the structure of our am-
plitude. Section 3 provides the summary of experimental
data on distributions and total cross sections which we are
analyzing. Section 4 is devoted to specifics of the fitting
procedure and main results of analysis. The summary, the
concluding remarks and the discussion of the perspectives
of the further development are given in Conclusions.

2 Model of πN → ππN amplitude

The principal features of the near–threshold phenomenol-
ogy of the π2π reaction had been already discussed in
the paper [11]. There, the smooth background amplitude
and the OPE one had been derived for the energy do-
main bounded by the reaction threshold and the threshold
PLab ≈ 500 MeV/c of the ∆–isobar creation in the final
state. However, the statistically significant data on π2π
distributions described in the next section, exist just for
the boundary and slightly above of the pointed energy re-
gion. This makes necessary to modify the amplitude elab-
orated in [11] since the smoothness assumption is hardly
to be valid there.

In the current section we recall the phenomenology of
π2π processes to be taken into account (Subsect. 2.2) and
principal parts of the modified amplitude (Subsect. 2.3)
the parameters of which must be determined from the
data fittings. We start with the brief description of the
spin–isospin structure of the discussed amplitude.

2.1 πN → ππN amplitude

2.1.1 General structure

The amplitude Mabc
βα (λf ;λi) of the reaction

πa(k1) +Nα(p;λi) → πb(k2) + πc(k3) +Nβ(q;λf ) (1)

has 4 degrees of freedom in the isotopic space; it might be
expressed either in terms of the definite isospin amplitudes
or in terms of the isoscalar ones. Separating the nucleon
spinor wave functions

Mabc
βα (λf ;λi) = ū(q;λf )M̂abc

βα (iγ5)u(p;λi), (2)

where the (iγ5) multiplier ensures the correct P–parity
properties of the considered amplitude, one can define the
isoscalar amplitudes Â, B̂, Ĉ, D̂ by

M̂abc
βα = Âτaβαδ

bc + B̂τ bβαδ
ac + Ĉτ cβαδ

ab + D̂iεabcδβα, (3)

τa, a = 1, 2, 3 being the nucleon–isospin generators.
The analysis [12] of the spinor properties of the am-

plitude (2) allows to express each of isoscalar functions

A,B,C,D in terms of 4 independent form factors in the
following way

Â = SA + V̄Ak̂ + VA
ˆ̄k + i/2TA[k̂, ˆ̄k];

B̂ = SB + V̄B k̂ + VB
ˆ̄k + i/2TB [k̂, ˆ̄k];

Ĉ = SC + V̄C k̂ + VC
ˆ̄k + i/2TC [k̂, ˆ̄k];

D̂ = SD + V̄Dk̂ + VD
ˆ̄k + i/2TD[k̂, ˆ̄k]. (4)

Here, k, k̄ are the crossing–covariant combinations of pion
momenta

k = −k1 + εk2 + ε̄k3; k̄ = −k1 + ε̄k2 + εk3, (5)

where ε = exp(2πi/3) = −1/2 + i
√

3/2, ε̄ = ε∗ = −1/2 −
i
√

3/2. These combinations together with the independent
crossing–invariant ones

Q ≡ −k1 + k2 + k3 = p− q ; P ≡ p+ q (6)

are used to define 5 independent scalar variables

τ = Q2; θ = Q · k; θ̄ = Q · k̄;
ν = P · k; ν̄ = P · k̄, (7)

which completely determine the point in the phase space
of the considered reaction. The expressions of all scalar
products of particles’ momenta are given in the paper [11]
for the case of the unbroken isotopic symmetry. The defi-
nitions (5), (6), (7) are assumed for the physical particles.
k2 is the π− momentum in the reactions {−+ n} {− 0 p}
and k2 is the π+ momentum in the reaction {+ 0 p}. All
actual kinematical calculations in the computer programs
are processed with the isotopic symmetry breaking caused
by the particles’ masses; this complicates the expressions
given in the quoted paper. For short we shall hold on the
unbroken isotopic symmetry in the illustrations and in the
discussions which follow.

The τ variable coincides with the squared mass of the
virtual pion in the OPE graph. The 4π vertex of this graph
is characterized also by the Mandelstam variables. The
discussion of the off–shell dependence of the 4π vertex
on these variables is given in the paper [13]. To avoid
ambiguity we use only the dipion invariant mass

sππ ≡ (k2 + k3)2 (8)

in the discussion below.
The amplitudes of the observable channels of the re-

actions πN → ππN with the convention for the normal-
ization of the particle states adopted in [11] are provided
by relations:

M̂{−+n} =
√

2/2(Â+ Ĉ); M̂{00n} = 1/2(Â);

M̂{++n} = 1/2(B̂ + Ĉ); M̂{−0p} = 1/2(Ĉ − 2D̂);

M̂{+0p} = 1/2(Ĉ + 2D̂). (9)

The nontrivial statistical factors are taken into account
for {0 0n} and {+ + n} channels.
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These amplitudes have the same form as in (4)

M̂X = SX + V̄X k̂ + VX
ˆ̄k + i/2TX [k̂, ˆ̄k];

X = ({−+ n}, {−0p}, {00n}, {+ + n}, {+0p}) ,(10)

where the spinor structures are defined according to the
expansions (9), e.g. S{−+n} =

√
2/2(SA + SC), etc. In

practice, the following combinations of the vector form
factors of decompositions (4), (10)

V RX ≡ (VX + V̄X)/2; V IX ≡ (VX − V̄X)/(2i) (11)

are used in the course of calculations.

2.1.2 Cross section

The experimental data of the channel X are compared
with the theoretical cross sections σTh

(α) for a given exper-
imental point (α)

σTh
(α) =

σc
4J

∫
d3k2

(2π)32k20

d3k3

(2π)32k30

d3q

(2π)32q0
× (2π)4δ4(p+ k1 − q − k2 − k3)||M ||2Θα .(12)

Here, σc ≡ (h̄c)2 = 0.38937966(23)[GeV2 mbn] is the con-
version constant,

4J = 4
√

(p · k1)2 −m2
pµ

2
1

stands for normalization of the initial state and the char-
acteristic function Θ(α) = Θ(α)(p, k1, q, k2, k3) of the bin
(α) describes the appropriate cuts in the phase space if
any; this function is equal to 1 for a total cross section.
The notation ||M ||2 is used for the squared modulus of the
amplitude summed over polarizations of the final nucleon
and averaged over ones of the initial proton. We shall call
it simply matrix element. The statistical factor equal to
the product of 1/nν ! over subsets of identical particles for
calculation of the cross section was included into defini-
tions (9) of the physical reaction amplitudes.

The matrix element ||M ||2 ≡ ||MX ||2 is the quadratic
form of the vector of spinor structures (SX , VX , V̄X , TX)
or, the same, of the vector (SX , V RX , V

I
X , TX):

‖MX‖2 ≡ 1/2
∑
λf ,λi

[
ū(q;λf )M̂X(iγ5)u(p;λi)

]
×
[
ū(q;λf )M̂X(iγ5)u(p;λi)

]∗
(13)

=

SX
VX
V̄X
TX


†

G

SX
VX
V̄X
TX

 ,

(X = {−+ n}, {−0p}, {00n}, {+ + n}, {+0p});

G ≡ 1
2
Sp

(q̂ +m)


1̂
k̂
ˆ̄k

i
2 [k̂, ˆ̄k]

 (p̂−m)γ0


1̂
k̂
ˆ̄k

i
2 [k̂, ˆ̄k]


†

γ0

.
(14)

The matrix G of the above form is given in the pa-
per [11] for the simplified case of equal pion masses. In
practice, the matrix for every channel had been calculated
separately with the physical masses of all particles in the
considered channel.

To plot the data and the theoretical results we define
the “quasi–amplitude” 〈M〉(α), which is the square root of
the cross section (12), divided by the phase space σpsv(α) ≡
σ(α)(1):

〈M〉(α) ≡
√
σ(α)(‖M‖2)
σ(α)(1)

. (15)

Here, the phase space σ(1) is the theoretical cross sec-
tion (12), calculated with the unit matrix element. In this
manner we treat the total cross sections. In the case of
distributions both the cross section and the phase space
are independently normalized to 1 — we call this quantity
normalized quasi–amplitude 〈M(α)〉norm:

〈M(α)〉norm ≡

√√√√σn(α)(‖M‖2)
σn(α)(1)

. (16)

2.1.3 Remarks on sign ambiguity

To resume the discussion of the general structure of the
π2π amplitude let us consider briefly the problem of the
sign ambiguity in the theoretical amplitude which is used
to fit the experimental cross section data. This ambigu-
ity is already present at the threshold since the threshold
limits of observable quasi–amplitudes are determined by
two independent values of isotopic threshold amplitudes
A0 and B0. Apart the overall sign ambiguity of isotopic
threshold amplitudes their relative sign might also become
indefinite depending on the accuracy of the experimental
information.

In what follows we call the solution physical (unphys-
ical) when A0 and B0 are of different (equal) signs. In
terms of the ππ–scattering lengths the two cases of signs
correspond to the different (equal) signs of aI=0

0 and aI=2
0 .

There are no simplifications at a distance from the
threshold. Indeed, the expression (14) for the matrix ele-
ment ‖MX‖2 might be brought to the diagonal form, for
example, in terms of the analogues of the diagonal deriva-
tive amplitudes of Rebbi [14], in which it becomes the sum
of four squared modules of the orthogonal amplitudes. The
abundance of solutions found in the course of data fittings
should be explained in part by a variety of choices of signs
of the above four orthogonal amplitudes in every channel.

2.2 Near–threshold πN → ππN phenomenology
guidelines

We need to collect the basic known facts about the πN →
ππN phenomenology in order to obtain the motivation
for developing the model amplitude. This will be done in
short.
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1. The current knowledge of physics of the pion–nucleon
interactions provides no evidence of possible mechanisms
or processes resulting in the strong variation of the am-
plitude of the πN → ππN reaction in the phase space at
energies up to ≈ 2mπ above threshold. All resonances but
N (∗) and ∆ are located outside the phase space.

2. The contribution of the near–threshold ∆ pole is
only due to the chain πN → ∆ → ππN . It is suppressed
1) by the negligible width of the decay ∆ → ππN de-
scribed by the ππN∆ vertex because of the vanishing
phase space; 2) by Quantum mechanics: ∆ is located pre-
cisely at the π2π threshold where the process πN → ππN
must proceed through the waves P11 and P31 of the ini-
tial pion–nucleon system (in the L2I2J notation) while
∆ can be created only in the P33 wave of the π–N sys-
tem. However, the same ππN∆ vertex gives rise to the
crossing–related process πN → π∆ → ππN in which the
∆ pole approaches the phase space at energies starting
from PLab = 500 MeV/c.

3. The threshold of N (∗) creation in the initial state
is located at PLab = 660 MeV/c. Due to the width ∼
170±50 MeV the N (∗) contribution must be nonnegligible
up to the reaction threshold.

4. The contribution of the meson–resonance type clos-
est to the phase space is that of OPE — all the other are
very distant at the discussed energies.

5. The tails of resonances result in some constant back-
ground in the physical domain and, at most, in some slow
variation of the amplitude. One would need the extraordi-
nary precision of experimental data to distinguish between
a linear function in the corresponding variable and the far
pole.

6. The number of free or, unknown parameters in ππ,
πN , π∆, πN (∗) interactions exceeds the number of degrees
of freedom of the amplitude which is linear in the invariant
independent variables.

7. All resonances contribute with terms built of various
scalar products of momenta. There are at most five such
products which might be considered to be independent
or, the same, they are built of five invariant variables.
Hence, an arbitrary linear function is parametrized with 6
parameters: a constant plus 5 coefficients at the variables.
This applies to all form factors of 4 independent isospin
amplitudes which describe 5 observable channels of the
reaction.

8. There are four different spinor structures in the π2π
amplitude. They provide the specific dependence on vari-
ables which might well be nonnegligent at some distance
from the threshold even in the unpolarized experiment.

9. The Bose statistics, the isospin symmetry, the C–
invariance and the crossing, being the exact properties of
an amplitude derived according to the rules of quantum
field theory, restrict the form of amplitude dependence on
variables, making some parameters vanish and linking the
rest parameters.

10. As a result there might be about 20 parameters for
the near–threshold description of all channels and, in par-
ticular, no more than 15 for the π−p → π−π+n process.
By the unitarity conditions which relate the nonvanishing

π2π isospin amplitudes only with the P31 and P11 waves
of elastic πN amplitudes, the above parameters must be
approximately real. Only few of 20 imaginary parts of the
polynomial background are expected to be of importance
near the very threshold.

11. The discussed contributions must be combined with
the explicit term describing the OPE amplitude and iso-
bar contributions. This will provide about 20 additional
parameters if D waves of the ππ scattering and all struc-
tures of the vertices ππN∆, ππN (∗)∆, ππNN (∗) are im-
portant.

11. The cuts due to thresholds of another inelastic pro-
cesses like the 3π production, the η production, etc. are
conspired by nearby isobars.

12. The analysis of the paper [15] makes it evident that
isobar resonances saturate the existing data on total cross
sections below 1 GeV. Therefore, the imaginary part of the
π2π amplitude might be described by the Breit–Wigner
form of isobar contributions and the discussed above pa-
rameters of the imaginary background might appear to be
negligible.

2.3 Resonance contributions to πN → ππN amplitude

The π2π amplitude to be developed must cover the energy
interval from the threshold to the isobar region. There-
fore, the approach of Oset–Vicente is the most suitable one
for the discussed purpose since it admits the due account
of isobar physics and can provide the maximal model in-
dependence of the obtained results. The keystone of our
model is the account of all resonance mechanisms such
that their contributions to the π2π amplitude provide a
pole located either directly in the reaction phase space or
in about a one–width distance from it at energies from the
threshold to PLab ≈ 500 MeV/c.

Let us first enumerate the resonance–exchange graphs
which are proper to our reaction, using the names of two–
particle channels for labels. Three representatives SEπN ,
SEππ, SENN of inequivalent crossing–related single–pole
graphs are shown in Fig. 1. Every four–particle vertex
of the above graphs can be expanded in two different
ways providing no more than three types of inequivalent
double-pole graphs which we mark in DEπN,πN , DEπN,ππ,
DENN,ππ (see Fig. 1). In what follows we shall use the
self–explanatory notations like SEπN{∆}, DENN,ππ{ω, ρ}
when discussing contributions of classes of crossing–related
graphs. It is evident that all distinct resonances and par-
ticles responsible for pole contributions to the amplitude
enter already the single–pole scheme; the particles which
might be relevant to the intermediate energy amplitude
are listed in Table 1. There are enough representatives of
the lowest spin–isospin states in the lists SEππ, SENN .
The list is far from being complete in the SEπN channel.
In the present paper we limited the contributions, tak-
ing into account the particles N , ∆, N (∗), σ, ρ, π, ω and
A; in fact, the interactions of σ, ω and A given below in
the lists of lagrangians for the purpose of the forthcoming
discussion were omitted from the actual analysis.



     

A.A. Bolokhov et al.: Phenomenological πN → ππN amplitude 321

Table 1. Resonances and particles from PDG–96 [16] responsible for pole contributions to the low energy πN → ππN amplitude

SEπN I(JP ) SEππ IG(JPCn) SENN IG(JPCn)

N = (p, n) 1
2
( 1
2

+
) σ = f0(400−1200) 0+(0++) π = (π±, π0) 1−(0−+)

∆ = ∆(1232) 3
2
( 3
2

+
) ρ = ρ(770) 1+(1−−) ω = ω(782) 0−(1−−)

N (∗) = N(1440) 1
2
( 1
2

+
) f = f2(1270) 0+(2++) A = a1(1260) 1−(1++)

N ′ = N(1520) 1
2
( 3
2

−
) ρ′ = ρ(1450) 1+(1−−) π′ = π(1300) 1−(0−+)

6N = N(1535) 1
2
( 1
2

−
) · · · · · ·

· · ·

Table 2. Lagrangians for 4–particle vertices of the SE graphs

Graph
[Vertex]

Lagrangian

SEπN{N}
[ππNN ] g1

ππNN N̄δabNπ
aπb + g2

ππNN N̄δabN∂
µπa∂µπ

b

+g3
ππNN N̄iεabcτ

cγµN [∂µπaπb − πa∂µπb]
+g4

ππNN N̄iεabcτ
c[γµ, γν ]N∂

µπa∂νπb

SEπN{N (∗)}
[ππNN (∗)] g1

ππNN(∗)N̄δabN
(∗)πaπb + g2

ππNN(∗)N̄δabN
(∗)∂µπa∂µπ

b

+g3
ππNN(∗)N̄iεabcτ

cγµN
(∗)[∂µπaπb − πa∂µπb]

+g4
ππNN(∗)N̄iεabcτ

c[γµ, γν ]N
(∗)∂µπa∂νπb + {H.C.}

SEπN{∆}
[ππN∆] N̄(g1

ππN∆F
0
dbc + 3g2

ππN∆F
1
dbc)iγ5∆

d
µ∂

µπbπc

+N̄(g3
ππN∆F

0
dbc + 3g4

ππN∆F
1
dbc)γνγ5∆

d
µ∂

µπb∂νπc + {H.C.};
F 0
dbc = iεdbc + δdbτc − δdcτb; F 1

dbc = δdbτc + δdcτb − 2/3 δbcτd

SENN{π}
[ππππ] V4π

SENN{ω}
[πππω] gπππωωµ∂νπ

a∂απ
b∂βπ

ciεabciε
µναβ

SENN{A}
[πππA] g1

πππAA
µ
b π

bπa∂µπ
a

+g2
πππAA

µ
b ∂µπ

b∂νπ
a∂νπa + g3

πππAA
µ
b ∂νπ

b∂µπ
a∂νπa

SEππ{σ}
[πσNN ] gπσNN N̄τ

aγµγ5N∂
µπaσ

SEππ{ρ}
[πρNN ] g1

πρNN N̄γµγνγ5N(∂µπaρ
ν
a − ∂νπaρµa)/2

+g2
πρNN N̄τ

aγ5N∂µπbρ
µ
c iεabc

Fig. 1. Representatives of graphs of resonance contributions

Apart the OPE contribution our model is described
by the effective interaction lagrangian which is used to
construct the tree–level amplitude; all terms of the la-
grangian are collected in Tables 2, 3. In general, we are
trying to use the minimal derivative coupling especially

when particles of the nontrivial spin, for example, in the
ρN∆ vertex, are being involved. Otherwise the terms of
very high order in the momentum inevitably are present
in the amplitude. However, when three–particle vertices
contain the pion, like πNN , πN∆, etc., the vertices are
brought to the derivative–coupling form. Having in mind
the complete equivalence of nonderivative and derivative
couplings in such vertices since in the difference of the
corresponding amplitudes the propagators always become
contracted, we assume that only other types of vertices,
for example, 4π, ππNN , etc. are responsible for the ex-
plicit breaking of Chiral Symmetry.

Even in the brief summary of properties of the consid-
ered interactions we must point that the form of the four–
particle vertices is chosen to represent all spin–isospin
structures of the given vertex. This makes impossible to
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Table 3. Lagrangians for 3–particle vertices of the DE graphs

Graph
[Vertex]

Lagrangian

DEπN,πN{N,N}
[πNN ] gπNN N̄τaγµγ5N∂

µπa

DEπN,πN{N,N (∗)}
[πNN (∗)] gπNN(∗)N̄τaγµγ5N

(∗)∂µπa + {H.C.}
DEπN,πN{N,∆}

[πN∆] gπN∆(∆̄a
µPabN∂

µπb + N̄P †ab∆
a
µ∂

µπb)

DEπN,πN{N (∗), N (∗)}
[πN (∗)N (∗)] gπN(∗)N(∗)

¯N (∗)τaγµγ5N
(∗)∂µπa

DEπN,πN{N (∗),∆}
[πN (∗)∆] gπN(∗)∆(∆̄a

µPabN
(∗)∂µπb + ¯N (∗)P †ab∆

a
µ∂

µπb)

DEπN,πN{∆,∆}
[π∆∆] gπ∆∆∆̄

a
µγνγ5Aabc∆̄

b
µ∂

νπc ,
Aabc = 4

9
(−2δbcτa − 2δacτb + 8δabτc − 5iεabc)

DEπN,ππ{N,σ}
[σNN ] gσNN N̄Nσ

DEπN,ππ{N, ρ}
[ρNN ] gV

ρNN N̄γµτ
aNρµa + gT

ρNN N̄σµντ
aN∂µρν

DEπN,ππ{N (∗), σ}
[σNN (∗)] gσNN(∗)N̄N (∗)σ + {H.C.}

DEπN,ππ{N (∗), ρ}
[ρNN (∗)] gV

ρNN(∗)N̄γµτ
aN (∗)ρµa + gT

ρNN(∗)N̄σµντ
aN (∗)∂µρν + {H.C.}

DEπN,ππ{∆, ρ}
[ρN∆] gρN∆∆̄

a
µPabNρ

µb + {H.C.}
DENN,ππ{π, σ}

[ππσ] gππσσ∂µπ
a∂µπa

DENN,ππ{π, ρ}
[ππρ] gππρ∂

νρµa∂νπ
b∂µπ

cεabc

DENN,ππ{ω, ρ}
[πρω] gπρωωµ∂νπ

a∂αρ
a
βiε

µναβ

[ωNN ] gV
ωNN N̄γµNω

µ + gT
ωNN N̄σµνN∂

µων

DENN,ππ{A, σ}
[πσA] gπσAA

µ
a∂µπ

aσ

DENN,ππ{A, ρ}
[πρA] [g1

πρA∂
µπa∂[µρ

b
ν]A

νc + g2
πρA∂

µπaρνb∂[µA
c
ν]]iεabc

[ANN ] gV
ANN N̄γµγ5τ

aNAµa + gT
ANN N̄σµνγ5τ

aN∂µAν

fix the lagrangian parameters from the decay data. For
example, the known width for N (∗) → ππN provides only
bounds for 4 parameters of the ππNN (∗) lagrangian given
in the Table 2. However, we prefer to avoid any doubt in
respect to a possible model dependence of the results for
ππ–scattering lengths or, at least, to leave a chance for
checking the presence of such dependence.

We are using the simplest form

Sµ
′µ

M (k) =
1

3M2

[
−3M2gµ

′µ +M2γµ
′
γµ

+2kµ
′
kµ −M(kµ

′
γµ − γµ′kµ)

]
(17)

for the nominator of the propagator of a (3+/2) particle.
The iMΓ shifts regularizing the terms with poles located

in the physical region, were made also for all cross terms to
ensure correct crossing properties of the entire amplitude.

The central contribution to our amplitude is supposed
to come from the OPE graph SENN (π). It is parametrized
with the use of the cross–symmetric threshold expansion
of the 4π vertex elaborated in the paper [17]. Apart the
account of the imaginary part the expansion in the O(k4)
order is equivalent to the form described in the papers [12,
11]. The results of the present work which will be discussed
below confirm that the precision of the currently available
experimental data does not allow to consider higher terms
of the ππ amplitude.

We list the interactions most part of which had been
used for the construction of the phenomenological ampli-
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tude, entering the data fittings, in Tables 2, 3 below. Since
all 3–particle vertices of the SE series of graphs are present
also in the DE graphs we do not describe them separately
— see Table 3. The symbol V4π stands for the ππ inter-
action in Table 2; this contribution is taken in the direct
amplitude form.

The listed lagrangians and the Feynman rules of the
tree approximation determine the resonance part of our
amplitude. The contributions generally come to all 16
scalar–isoscalar form factors defined in (3), (4). Unfor-
tunately, it is impossible to present the final answers in
somehow short terms. The reason stems from the large
number of cross terms provided by Feynman rules. Such
terms are distinct for every form factor and their number
might be equal to 12, 6 and 3. The last value corresponds
to the OPE diagram. The number equals 12 for almost all
the rest diagrams.

2.4 Background contribution to πN → ππN amplitude

An important issue of the approach [12,11] developed for
the near–threshold energy region is given by the linear
background terms presented in the form such that it re-
spects the symmetries of strong interactions, namely, P ,
C, T , SUF (2) and crossing. To modify this ingredient of
the model we need to discuss the role of these smooth
terms in the amplitude.

Initially, such terms were added to the OPE ones to
stand for all other possible mechanisms of the πN → ππN
reaction. When taking into account only a part of contri-
butions of particles listed in Table 1 one leaves enough
room for the background terms standing for the rest res-
onances.

Another reason for the presence of a background is
connected with ambiguities which are specific to the off–
shell interactions of high–spin particles (see, for example,
the old discussion [18–20]). These interactions result in
polynomial terms in the considered amplitude and polyno-
mial terms in the 4–particle vertices. The overall contribu-
tion of this kind coming from all resonances is constrained
by the asymptotic conditions for the entire amplitude. In
principle, this makes necessary to use the consistent theory
for particle propagators and all vertices like πNN , πN∆,
etc. Leaving the parameters of the polynomial background
free we are safe to use the propagators and the vertices in
the form determined by the simplicity reasons and/or by
the chiral–symmetry arguments.

Since we are regularizing the exchange graphs which
have poles in the physical region by the iMΓ shift in the
propagators, the polynomial background must have both
real and imaginary parts.

The discussed nature of the background terms forces
us to modify the model of the papers [12,11] in two di-
rections. First, we add the second order terms in variables
(7) to the scalar structures SA, SB , SC , SD. This makes
the dimensions of the tensor and the scalar structures of
the decomposition (4) be balanced. The final form of the
background amplitude becomes

SA ≡ SA(τ, ν, ν̄, θ, θ̄) = A1 +A2τ +A3(θ + θ̄)
+A12τ

2 +A13ν̄ν +A14θ̄θ +A15(ν2 + ν̄2)
+A16(θ2 + θ̄2) +A17τ(θ + θ̄) ;

SB = SA(τ, ε̄ν, εν̄, ε̄θ, εθ̄) ; SC = SA(τ, εν, ε̄ν̄, εθ, ε̄θ̄) ;
SD = A18i(νθ̄ − θν̄) ; (18)
VA ≡ VA(τ, ν, ν̄, θ, θ̄) = A4 +A5τ +A6θ +A7θ̄ ;
VD = iA9ν ;
VB = εVA(τ, ε̄ν, εν̄, ε̄θ, εθ̄) ; VC = ε̄VA(τ, εν, ε̄ν̄, εθ, ε̄θ̄) ;
V̄A = [VA(τ, ν, ν̄, θ, θ̄)]∗ ;
V̄B = ε̄[VA(τ, ε̄ν, εν̄, ε̄θ, εθ̄)]∗ ;
V̄C = ε[VA(τ, εν, ε̄ν̄, εθ, ε̄θ̄)]∗ ;
V̄D = −iA9ν̄ ; (19)
TA ≡ TA(τ, ν, ν̄, θ, θ̄) = iA8(ν − ν̄) ;
TD = A10 +A11τ ;
TB = TA(τ, ε̄ν, εν̄, ε̄θ, εθ̄) ;
TC = TA(τ, εν, ε̄ν̄, εθ, ε̄θ̄). (20)

The use of the higher polynomial background requires
to make calculations with about a hundred of the next
order terms with free parameters or to find the reasons
for rejecting most of them.

Second, becides 18 terms of the real background given
by (18)–(20) we inserted the imaginary background into
the amplitude. Its analitical form exactly reproduces the
analitical form of the real background with its own distinct
coefficients.

Let us now clarify the concept of contribution which
we are widely using throughout the paper. From the point
of view of Chiral Dynamics the usage of notions like the
background contribution (a part of which the so called
contact terms are), the contribution of OPE, etc. is mean-
ingless since the field redefinition does not allow a separate
graph to be well–defined — see the relevant discussion in
the book [21]. The absence of the common solution on
the role of the higher–spin baryons in ChPT makes the
above notions even more ambiguous. Nevertheless, such
quantities as the residues of the poles and the on–shell pa-
rameters of V4π are well–defined — these very quantities
are in the focus of our project. As for the off–mass–shell
contributions, in particular, the OPE one, we take them
as they are, the Lagrangian source and Feynman rules
providing the model–dependent answer. The field redefini-
tion then modifies, first, the polynomial background terms
and, second, the parameters of SE graphs. It has been
already pointed out that we are leaving the background
parameters free and keeping all spin–isospin structures of
4–particle vertices being represented — this helps to avoid
the dependence of the results on a particular model.

To summarize, the considered amplitude contains 36
free parameters of the polynomial background, 4 free pa-
rameters of the real part of the OPE contribution and
5 formal parameters of its imaginary part (their relations
with parameters of the real part are described in the paper
[17]) and parameters from the lists of Table 2 and Table 3
discussed in the previous subsection. In the current paper
we shall discuss the fittings performed with 21 parameters
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from the above lists coming from the exchanges SEπN (N),
SEπN (∆), SEπN (N (∗)), SEππ(ρ), DEπN,πN{N,N},
DEπN,πN{N,∆}, DEπN,πN{N,N (∗)}, DEπN,πN{N (∗),
N (∗)}, DEπN,πN{N (∗), ∆}, DEπN,πN{∆,∆} only.

3 Experimental base

The experimental base for fitting the amplitude parame-
ters was built of the total cross sections in all five channels
of the considered reaction in the energy region PLab ≤
500 MeV/c [22], [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33], [34], [35], [36], [37], [38],
[39], [40], [41], [42], [5], [43], [6], [46], [44], [45]
and the distributions measured in the hydrogen bubble–
chamber experiments at these energies [39,40,31,46,35].
The bubble–chamber data were preferred since they sat-
isfy the condition of the coverage of the reaction phase
space in the most complete way, the only restrictions be-
ing Pproton ≥ 120 MeV/c and Pπ ≥ 30 MeV/c which cor-
respond to 5 mm of the flight distance. The losses occupy
only a small part of the phase space namely, ≤ 2 % in the
case of {π−π0p} and ≤ 3 % in the case of {π−π+n} at
Pbeam = 400 MeV/c and might be easily taken into ac-
count during the calculations of theoretical distributions.
Besides, the systematic errors of the bubble–chamber ex-
periments are also minimal.

In the course of our fittings we faced the following
problem. There are three works in the {π−π+n} channel
at close beam momenta:

1. Kirz (PLab = 485 MeV/c) [40],
2. Blokhintseva (PLab = 457 MeV/c) [31],
3. Saxon (PLab = 456 MeV/c) [46].
It was found that results of these works are incompat-

ible. If one tries to describe only distributions from these
works without appealing to any other data then the av-
eraged χ2 per bin (≡ χ2

p.b.) for distributions by Kirz and
Blokhintseva separately and for their sum as well is less
than 1. Adding the distributions by Saxon we obtained
χ2

p.b. > 1.5 for every combinations and even χ2
p.b. = 2.1

for the Saxon’s distributions themselves.
We should note here, that we have the results of the

experiment by Blokhintseva as the collection of events.
Hence, we can build any distribution and we did so for
all kinds of distributions published in the Saxon’s paper.
Along with other spectra such distributions also represent
the Blokhintseva work [31] in our fittings.

The experiment by Saxon contains more events than
the ones by Kirz and Blokhintseva together, so, at first
glance, one should prefer to choose his results. However,
the processing of films had been performed by the Saxon’s
group in a quite specific nontraditional way. In such films
the elastic {π−p} reaction events look very much like the
events of the considered reaction, their total number being
ten times greater. To economize manual measurements the
group had estimated visually the density of the positive

tracks and, basing on the estimate, had selected the events
with π+.

However, besides the velocity of the charged particle
the density of a track in the bubble chamber depends upon
much more another factors like the moment of particle
flight relative to the moment of liquid expansion start,
the moment of snapshot relative to the moment of parti-
cle flight, the liquid superheating degree, etc. This depen-
dence is extremely strong. The above parameters undergo
stabilization but the latter never becomes ideal. The rest
fluctuations can not prevent the ionization measurements
of tracks but for the reliability of the determination of the
particle velocity in the every snapshot the control mea-
surements of the bubble density should be performed for
the sample track. The probability of an error is big in the
visual estimating especially for the so large number of the
processed tracks.

One can estimate the systematic error of the Saxon’s
work in the following way. The elastic events accidentally
selected into the list of the considered reaction anyway
will be rejected after measurements by the reaction fit
results. The inelastic ones for which the positive track was
erroneously identified as the proton one are lost forever.
In such a way the statistics become more poor, the parts
of the phase space for which the π+ velocities are small
suffering the most significant losses. The measured value
of the total cross section is given in the Saxon’s work as
1 mbn; since the results of all isotopic analyses of all set
of total cross sections data provide the value of 1.4 mbn
one can deduce the 30% level of losses of events in the
“economizing” routine of the reaction analysis.

So large value of systematic error forced us to withdraw
the distributions of the paper [46] from our fittings.

Thus, the distributions liable to treatment belong to
three channels of the considered reaction: {π−π+n},
{π−π0p}, {π+π+n}. The data on distributions of works
[39], [40], [46], [35] were taken from the journal publi-
cations. The major part of distributions of the work [31]
has never been published. These are the distributions in
the following variables: the squares of invariant masses of
all pairs of final particles Wπ−π+ , Wπ−n, Wπ+n, the in-
variant variables τ , νR, νI , θR, θI introduced in [12,11],
the cosine of the angle between the planes determined by
CMS momenta of a) the beam and the recoil neutron; b)
π+ and π− (cos θππ), the cosines of CMS angles of final
particles with the beam cos θπ− , cos θπ+ , cos θn, the angle
Dφ = φ−−φ+ of the planes determined by CMS momenta
of a) the beam and the π− meson; b) the beam and the
π+ meson, the azimuth angle φbeam and the cosine of the
polar angle of the beam cos θbeam in the Saxon reference
frame in which the x axis is the direction of the neutron
momentum, the z axis being along the vector product of
the neutron momentum with the momentum of π+ meson,
[pn,pπ+ ].

The Jones paper (the {π−π+n} and {π−π0p} chan-
nels at PLab = 415 MeV/c) [35] provides distributions in
the squares of invariant masses of all pairs of final parti-
cles namely, {π−π+n}: Wπ−π+ , Wπ−n, Wπ+n; {π−π0p}:
Wπ−π0 , Wπ−p, Wπ0p.
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The Kirz paper (the {π−π+n} channel at PLab =
485 MeV/c) [40] gives distributions in the invariant masses
Wπ−π+ , Wπ−n, Wπ+n of all pairs of final particles and in
the cosine of angles of all final particles with the beam in
CMS cos θπ− , cos θπ+ , cos θn.

Another paper by Kirz (the {π+π+n} channel at PLab =
477 MeV/c) [39] contains distributions in the CMS angles
of final particles θπ+ , θn, the π+ CMS energy Tπ+CMS, the
momentum Pπ+ of π+ in the (π+, π+) system and in the
nonrelativistic momentum transfer Ptransf .

One should note that some of these distributions
strongly differ from the distribution provided by the empty
phase space while there are some with the insignificant dif-
ference. This becomes especially clear in terms of normal-
ized quasi–amplitudes — see pictures in Figs. 3–8 where
almost all distributions are reproduced.

We are using 94 points of the total cross sections data
which were selected on the grounds of the compatibility
analysis of the paper [47] from the total list of 105 exper-
imental points.

There were used two experimental data points more
in some variants of fittings namely, when the theoretical
amplitude was not completely real — see the next section
where all variants are described in more details. These
points were fixing the phases of two isotopic amplitudes,
nonvanishing at the threshold, by the known values of the
elastic P31 (≈ −4◦) and P11 (≈ 2◦) phases in accordance
with the final–state interaction theorem.

4 Data analysis

The analysis of the data described in the previous section
required some preliminary steps which are described be-
low. After then we discuss the main results in the Subsect.
4.2.

4.1 Principal steps of analysis

To perform the analysis the following steps had been done:
1. The contributions of every parameter of our model

discussed in Sect. 2 to the amplitude had been calculated
analytically according to the Feynman rules of the tree
approximation. The expressions for all 16 scalar–isoscalar
form factors defined in (3), (4) had been obtained and
transformed to the FORTRAN code with the help of the
REDUCE package [48] for analytic calculations in high
energy physics.

2. The goal of the second step was the simplification
of the data fitting routine for saving a lot of time during
thousands of fitting iterations. For a given experimental
point (α) the theoretical quantity σTh

(α) confronting the ex-

perimental value σExp
(α) is the integral of the squared mod-

ulus of the amplitude (10) over the reaction phase space
or, over its part in the case of the distribution data.

Since the set of all parameters {Aν}, including the for-
mal ones, enters our amplitude linearly and the conditions

for the formal parameters do not contain kinematics we
can present the theoretical quantity (12) in the form

σTh
(α) =

∑
µ,ν

AµAνC
µν
(α). (21)

Then we can build for every experimental point (α) the
correlator Cµν(α) performing all phase space integrations
ones and forever. These calculations had been done for
every bin of all distributions with the use of the standard
high energy physics package based on the Monte Carlo
integration. Since all distributions in question belong to
the beam momenta 415, 460, 477, 485 MeV/c few Monte
Carlo runs were necessary and sufficient to provide the
calculations. The correlator matrix Ĉ(α) for a total cross–
section experimental point (α) was being recovered dur-
ing the fittings’ run–time by the fast interpolation from 13
fulcrum matrices in every channel precalculated at beam
momenta 280, 285, 290, 300, 325, 350, 375, 400, 450, 500,
550, 600 and 650 MeV/c. The calculations of the fulcrum
matrices had been performed with the fast and efficient
program of Gauss integration described in the paper [49].

3. The content of the third step was the data fittings
themselves. Here, we point only the general features and
specifics of the approach; more details will be revealed
along with the discussion of results.

The fittings had been performed by minimizing the
value of χ2 defined as

χ2 =
∑
(α)

(σTh
(α) − σ

Exp
(α) )2

(∆σExp
(α) )2

(22)

for the total cross–section data. However, to avoid the arti-
ficial increase of the statistical weight of the total–cross–
section data point for which the numerous distributions
also were undergoing fittings we were using the distribu-
tions’ data σExp

(α)n which were normalized to 1 instead of
the total cross section.

The use of the precalculated correlator matrices Ĉ(α)

and the simplicity of the expression (21), being calculated
in the course of the iterative minimization of χ2, made
it possible to perform thousands of fitting runs each of
which executing hundreds or even few thousands of iter-
ations. The same specifics of the approach provided the
excellent flexibility in respect to variation of both the set
of fitting parameters and the set of experimental points.
The numerous variants of fittings will be discussed in the
next subsection.

4.2 Major results of analysis

Already test runs of fitting the distribution data had shown
that the simple model of the paper [11] is unlikely to be
capable to provide a satisfactory description. Therefore,
the first question we were trying to find the answer to was
if there exists a relatively simple model consistent with the
selected data base of 411 experimental points. The answer
was “no” and let us now discuss why.
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We had been grouping together parameters related to
one or another mechanism of the considered reaction since
it ought to be a hard task to test ≈ 261 variants of all com-
binations of parameters. There were 7 such groups in total,
the largest ones consisting of the sets of the background
parameters. Below we are using the following symbolic
notations for these groups:

“b” — parameters of the real background;
“i” — parameters of the imaginary background;
“o” — parameters of the OPE contribution;
“r” — 3 parameters related to the ρ meson;
“N” — parameters of the nucleon contributions (namely,

SEπN{N} and DEπN,πN{N,N} ones);
“D” — parameters of the ∆ contributions (namely,

SEπN{∆}, DEπN,πN{N,∆} and DEπN,πN{∆,∆} ones);
“R” — parameters of the N (∗) contributions (namely,

SEπN{N (∗)}, DEπN,πN{N,N (∗)},
DEπN,πN{N (∗), N (∗)} and DEπN,πN{N (∗), ∆} ones).

For all possible combinations of the listed groups there
had been performed the data fittings with at least 50 ran-
dom starts. In general, no new solutions had been being
revealed after 20–30 starts. When the number of distinct
solutions was greater than usual we had been continuing
the search with the increased number of random starts
to 100 and more. With one exception this had not pro-
vided new solutions apart the solutions with incomparably
large χ2. Only in the “DRNbior” variant when all groups
had been being involved acceptable distinct solutions had
been found after 100 starts. The total list of this variant
contains 11 solutions. It should be noted that the latter
variant is the most difficult in fitting: the convergence is
slow because of huge correlations between parameters, the
parameter errors in the gained solutions being too large.
Therefore, we consider the probability of existence of a
missed solution to be negligible.

The values of χ2 of the best solutions are listed in the
Table 4. A part of solutions is withdrawn there to make the
table more compact. The baryon–exchange mechanisms
are combined with the sets of parameters “b”, “i”, “o”
and “r”. For example, the box in the “DR” row and “bio”
column corresponds to “DRbio” variant, etc.; in the col-
umn (row) with the empty title we collect the results cor-
responding to the “pure” mechanism. Initially, the “r” set
was considered as a perturbation to the basic amplitude
since the relatively narrow ρ resonance might get into the
reaction phase space at PLab ≈ 800 MeV/c only. However,
the presented values of χ2 can not provide the inference
that the “r” mechanism is unimportant unless all baryon–
exchange mechanisms are committed to action.

It is the examination of the Table 4 which leads to the
following conclusions:

1. There is no particle for which a simple exchange
mechanism is capable to describe the data.

2. Among the double–particle exchanges the participa-
tion of OPE does not look advantageous. Even the dummy
“r” mechanism looks more preferable sometimes.

3. The leading order ChPT fails to describe the data.
Indeed, all contact terms of Chiral Dynamics and tree–

level graphs are contained in the variant “Nbo”; the result
of the latter looks depressing even for free parameters.

4. The most significant improvement of χ2 is achieved
when the imaginary background “i” is being added; the
participation of ∆ and N (∗) exchanges with the strong
imaginary part of contributions is leading almost to the
same effect.

To make the above general conclusions the knowledge
of the absolute χ2 values was sufficient, especially, since
the number of experimental points considerably exceeds
the number of free parameters. For a more subtle deduc-
tion one needs an information on χ2

DF i.e. χ2 per degree of
freedom. However, before calculating χ2

DF one first ought
to look if there are undetermined and inessential parame-
ters in the solution.

Now we must note the following feature of the dis-
cussed results. The numerous solutions in some variants
reflect the existence of large correlations of parameters in
the variant in question. The estimation of parameter er-
rors by the fitting routine is not then precise enough and
our simple algorithm for comparison of solutions marks as
different the solutions which are, in principle, identical.

To make the situation clear and, what is more impor-
tant, to reduce the errors of parameters we had performed
the series of additional runs eliminating one by one that
parameters the relative errors of which had been being
greater than 1 and fitting the data by the rest param-
eters while the value of χ2

DF had been improving. This
routine had been applied to all solutions. Unfortunately,
there is no enough room to display the results. The Ta-
ble 5 presents the information on χ2

DF for some selected
variants, the number of parameters in effect NP and the
independent lowest ππ scattering lengths. The results of
eliminating parameters had no influence on the above con-
clusions 1.–4. whereas the number of parameters in effect
had been considerably reduced. The new inferences de-
rived from the Table 5 read:

5. The considered data base requires a complicated
model for its description. Below the level of χ2

DF < 1.50
the absolute minimum of the parameter number is 22 in
the variant “Nbi”; for the most part of the acceptable
solutions the number is greater than 30.

6. Assuming that the sequence of signs +, −, + of
the ππ scattering lengths aI=0

0 , aI=2
0 , aI=1

1 is physical, one
finds that a half of all acceptable solutions with the OPE
contribution falls to the unphysical sector. We remind that
the physical sequence is the one which is consistent with
predictions of Chiral Dynamics.

7. The results of fittings can not improve the precision
of determinations of ππ scattering lengths. For example,
the region 0.06 ≤ aI=0

0 ≤ 0.19 might be derived from the
Table 5 as the preferable one; however, even the current
experimental value [50] aI=0

0 = 0.26 can not be rejected
on the ground of the χ2

DF criterion.
8. The predictions of ChPT in the next–to–leading or-

der [51] aI=0
0 = 0.20, aI=2

0 = −0.041, aI=1
1 = 0.036,

aI=0
2 = 0.002 are compatible with the data base; the sep-

arate fittings with the OPE parameters being kept fixed
by the above values of scattering lengths, resulted in so-
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Table 4. List of χ2 in distinct solutions obtained from random start (50 tests) with NExp = 411 experimental points. In the
truncated variant “DRNbior” there are 12 solutions in total obtained in ≈ 500 runs

o b bo bi bio bir bior

8078.5 6993.9 6799.1 773.28 595.53 598.99 550.87
9083.8 6996.4 6798.8 854.11 597.10 601.17 556.10
12115. 6998.0 6800.8 620.91 563.68

7016.9 6813.2 629.66 570.10
6823.0 576.84

D 9936.3 987.7 634.49 622.43 546.35 517.90 527.54 491.08
1105.3 651.55 634.08 546.52 520.18 531.11 493.17

748.07 644.39 548.19 534.24
672.37 544.76

R 6138.6 1160.2 746.19 618.26 511.88 499.41 468.06 453.23
1378.3 756.55 636.47 515.07 505.34 484.49 502.90
3988.6 761.74 638.38 566.52 517.41 523.12

672.74
676.47

N 13693. 7069.7 6660.6 6649.4 549.83 525.73 513.17 496.87
13709. 7341.0 6660.8 6649.9 551.27 526.72 515.28 497.00

7388.9 6668.7 6653.0 527.84 516.82 498.42
9928.6 6739.4 6674.7 528.84 518.16 500.98

8508.0 6707.2 518.89 501.18
6731.2

D 2758.5 760.88 578.68 564.35 471.09 469.33 448.73 443.09
R 870.24 586.21 566.70 475.71 469.96 466.93 450.85

978.58 659.71 568.58 483.21 470.86 469.82
3544.5 573.63 494.95 479.92 473.89

482.53
D 4438.7 647.74 557.32 550.95 495.19 485.30 473.29 444.11
N 5023.7 793.23 562.20 555.25 496.55 487.58 481.65 463.69

572.59 561.61 513.20 496.34
619.67 574.84

576.49
609.92

R 2546.7 907.85 553.01 540.30 467.26 455.12 442.69 426.66
N 1067.6 553.04 568.76 499.38 487.41 486.08 480.20

2997.9 553.21 519.16 493.38
555.16
584.36

D 1430.1 588.65 510.42 506.13 435.72 430.88 426.54 412.84
R 1430.7 710.41 516.79 507.26 449.27 442.20 432.59 418.83
N 1451.5 449.62 443.02 435.85 423.30

450.10 445.69 447.12 589.75
******

lutions with the values of χ2
DF very close to the best ones;

for example, in the “DRNbior” variant we get χ2
DF in the

range 1.175 — 1.200.
9. The formal parameters of the imaginary part of the

OPE contribution are insignificant at the considered en-
ergy region. This is the result of the separate investiga-
tions; eliminating these parameters we get some shifts in
the parameters of the imaginary background and in the
parameters of N (∗) and ∆ isobars, the real parameters of
OPE remaining the same.

10. The discussed above routine of eliminating param-
eters provided further support of the point 5.: no one of
the considered mechanisms had been rejected as a whole
in the course of improving the χ2

DF value.

The listings of this routine contain also a large volume
of information about the significance of a given parameter
in terms of the “statistical” frequency of its participation.
For example, in all variants the parameters A2, A3 and
A4 of the linear background of [11] and the parameters
A13 and A15 of (18) were found to be necessary whereas
the parameter A11 entering the tensor structure of the
amplitude D̂ given by (20) had been always ignored. In
respect to the OPE parameters the content of the Tables
5, 4 already shows that the parameters are not of the
top significance since there are many acceptable solutions
without the OPE contribution at all. The parameter g1
of the paper [11] is found to be relatively important, the
D–waves parameters g2, g3 being much less necessary.
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Table 5. List of χ2
DF in distinct solutions obtained after deleting undetermined parameters; NExp = 411 experimental points.

To save the space only the best unphysical solutions of the “DRNbior” variant are shown

bi bio bir bior
χ2

DF NP χ2
DF NP aI=0

0 aI=2
0 aI=1

1 χ2
DF NP χ2

DF NP aI=0
0 aI=2

0 aI=1
1

1.94 26 1.56 30 .04 -.151 -.016 1.58 31 1.46 32 .009 .15 -.040
1.95 26 1.57 29 .03 -.155 -.011 1.58 32 1.46 32 .014 -.16 .020

1.64 31 1.50 30 .136 -.12 .048
1.66 31 1.51 33 .044 -.16 .048

1.53 33 .045 -.20 .039
D 1.45 33 1.37 24 .16 -.084 .040 1.40 30 1.31 30 .14 -.14 .056

1.45 25 1.40 30 .11 -.187 .064 1.42 38
1.45 27 1.42 36

1.44 31
R 1.35 32 1.33 32 .11 -.004 -.026 1.25 37 1.22 36 .038 .015 .000

1.36 31 1.33 33 .12 .002 -.025 1.38 37 1.35 39 .073 .0002 .008
1.51 35 .18 -.138 -.012 1.40 34 .170 -.034 .028

N 1.42 23 1.39 27 .07 .004 -.014 1.36 33 1.32 30 .23 .052 .011
1.42 22 1.39 28 .07 .004 -.014 1.37 27 1.32 30 .23 -.012 .018

1.40 33 .16 .026 -.020 1.37 31 1.32 34 .14 -.012 .019
1.41 28 .16 .023 -.020 1.37 28 1.33 29 .23 .029 .017

1.37 27 1.33 26 .10 -.014 .015
D 1.25 34 1.25 30 .00 .000 .000 1.20 36 1.21 41 .13 -.026 .046
R 1.27 33 1.26 35 .19 -.058 .038 1.26 40 1.24 46 .12 -.105 .057

1.29 35 1.26 35 .10 -.048 .033 1.26 39
1.33 38 1.31 43 .10 -.016 .026 1.28 38

2.01 40 .80 .21 .100
D 1.31 31 1.29 32 .04 .025 .005 1.27 34 1.19 35 .11 .000 .045
N 1.31 32 1.30 32 .15 -.022 .023 1.29 34 1.24 31 .17 -.104 .048

1.36 26 1.33 33
R 1.24 29 1.23 36 .22 .037 -.035 1.19 35 1.15 43 .14 .042 -.008
N 1.34 39 1.31 36 .09 .009 -.015 1.32 45 1.29 40 .18 -.048 .005

1.39 36 1.32 36 .20 -.047 .0002
D 1.18 41 1.17 39 .05 -.027 .090 1.16 44 1.14 47 .15 .041 -.026
R 1.20 36 1.19 35 .02 .017 .005 1.18 41 1.15 46 .07 .025 .028
N 1.21 36 1.22 38 .27 .005 .028 1.19 40 1.16 42 .07 -.056 .045

1.22 37 1.22 38 .05 -.029 .015 1.21 36 1.20 45 .07 -.076 .047
1.20 41 .17 -.053 .054
1.21 39 .19 -.059 .053

For illustrations we have chosen the solution from the
“DRNbior” variant with χ2

DF = 1.16 (see Table 5). The
data on total cross sections and the theoretical curves in
terms of the quasi–amplitude (15) are drawn in Fig. 2.
The most intriguing feature of the discussed curves is ex-
pressed by the practical coincidence of the theoretical re-
sults for the {− 0 p} and {+ 0 p} channels — this is clearly
seen from the separate picture in Fig. 2 which we draw for
the combined data. The picture makes it obvious that the
discussed phenomenon is strongly implied by the experi-
mental data. This means that the isotopic amplitude D̂,
being the only origin of the difference of the theoretical
cross sections of these channels (see (9)), must vanish in-
deed.

At Figs. 3–8 one can find the theoretical curves of the
same solution for the distribution data discussed in Sect.
3 in terms of the normalized quasi–amplitude (15). A part
of the data did not enter the fittings — in such cases the
curves actually represent our predictions — see Figs. 7, 8.

The normalized quasi–amplitude measures the deviation
from the empty–phase–space pattern. In its terms the be-
havior of the experimental data themselves appears to be
quite different.

For example, almost all angular spectra of Figs. 5, 7
look flat. The explanation is simple: unlike the case of
elastic reactions 2 → 2, the 1D distributions are given
here by the remaining 3–dimensional phase space integrals
of the 2 → 3 process. The averaging over polarizations
together with this averaging over the reaction phase space
make the angular dependence so weak. However, this can
not be true for sections of the phase space and/or for
higher dimensional distributions.

In contrast, the distributions in the invariant variables
(7) are nontrivial — see Figs. 3, 4, 5, 6, 8; this proves the
choice of variables of the paper [11] to be the character-
istic one for the dynamics of the considered reaction.

The results of data analyses described in the current
section make it possible to use the obtained amplitude
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Fig. 2. Experimental points of total cross sections and the theoretical curve for the best physical solution (quasi–amplitude
〈M〉 in GeV−1). Triangle points were excluded from fittings

for modeling two other approaches discussed in the Intro-
duction, namely, the one by Olsson and Turner and the
Chew–Low extrapolation. What we learn from these tests
will be discussed in somewhere else.

5 Conclusions

Throughout the paper we were making the inferable state-
ments along the discussions. Here, we remind the most
important ones and develop the general conclusions.

5.1 Data

Our present work is devoted to the analysis of the near–
threshold data on the π2π reaction. The data base de-
scribed in Sect. 3. consists of the experimental total cross

sections and 1–dimensional distributions. The full–kine-
matics data of the work [31] also had been presented in
the same form. This needs some comments.

The available 1023 full–kinematics events of the quoted
work constitute the solid ground for the total cross section;
10–14 bins of a 1–dimensional distribution have a good
filling with the averaged number of 60–100 events per bin;
the filling of 8× 8 bins of a 2–dimensional distribution is
satisfactory (15 events per bin in the average) while the
filling of 6×6×6 of the 3–dimensional ones and 4×4×4×4
of the 4–dimensional bins is poor. In this conditions of the
difficult choice between the poor filling of bins and the
loss of the kinematical information we formed multiple 1–
dimensional projections for the data to bring to light the
behavior in the crucial variables.

The use of the numerous lower dimensional distribu-
tions acts the part of a kind of the tomography method.
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Fig. 3. Experimental distributions for the {++n} chan-
nel from the paper [39] by Kirz and theoretical curves
(normalized quasi–amplitude 〈M〉norm)

Fig. 4. Experimental distributions for the {− + n}
and {−0p} channels from the paper [35] by Jones
and theoretical curves (normalized quasi–amplitude
〈M〉norm)
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Fig. 5. Experimental distributions for the {− + n}
channel from the paper [40] by Kirz and theoretical
curves (normalized quasi–amplitude 〈M〉norm)

Fig. 6. Some of experimental distributions for the
{−+n} channel from the paper [31] by Blokhintseva
and theoretical curves (normalized quasi–amplitude
〈M〉norm)
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Fig. 7. Experimental distributions and theoretical curves for
angular spectra of the {−+n} channel from the Saxon’s paper
[46] and the same spectra build of the Blokhintseva data [31]
(normalized quasi–amplitude 〈M〉norm). The Saxon data had
not been used in fittings

The fittings showed that at a distance from resonance
poles this works. We created some additional 1D projec-
tions of the data [31] and tested them with the obtained
solutions — the description was found to be excellent. The
improved statistics of the contemporary experiment [52,
9,53,54] definitely must make the direct use of the full–
kinematics data more preferable.

The general properties of the treated data base are
found to be:

1. The precision of data is insufficient to improve the
accuracy of the determination of characteristics of the ππ
scattering. However, this is the problem not only of the
data.

2. The coverage of the behavior of the low energy am-
plitude is good; practically, there were no losses of conver-
gence in the course of fittings. The existence of numerous
solutions reflects the complexity of the reaction amplitude
— the current experimental setup can not be charged for
this; we shall continue this discussion below in the sub-
sects. 5.2., 5.3.

3. The distribution data of the {+ + n} channel are
found to be extremely important for the resolution of pa-
rameter correlations. In the absence of these data the con-
vergence of fittings becomes tremendously slow, the num-
ber of iterations being increased by several orders.

To resume we state that the considered data base is in
principle sufficient for determination of the phenomeno-
logical near–threshold π2π amplitude. Certainly, the need
in the better quality of data in respect to the precision of
the obtained parameters and the multiplicity of solutions
is obvious. First, the quality of the newest data will be
much better and, second, it seems oversimplified to charge
only the data with this problem. The more detailed dis-
cussion of its origin will be given in the next subsection.

5.2 Amplitude and major results

Our amplitude is built on the rather conservative basis.
However, the orientation towards the modern ChPT ap-
proach in constructing the model might be lacking of an
intrinsic tool for making the right explanation, if failed,
whether an inconsistency of data or the neglect of higher
order terms are responsible for the inappropriate fit. If
successful, the approach provides the only conclusion that
at the considered order ChPT is compatible with data —
a substantial estimate of the systematic error of determi-
nation of the low energy constants is impossible.

The approach of HBChPT deserves the separate re-
mark. Unlike the case of the πN–elastic scattering this ap-
proach is, probably, inapplicable to the case of the πN →
ππN reaction considered here. One should remind the
basic keystones of HBChPT: 1. Nonrelativistic limit; 2.
Small–pion–momentum expansion; 3. Heavy baryon ap-
proximation. Then, let us consider the identity

ū(q)(k̂1 − k̂2 − k̂3)iγ5u(p) = −2mū(q)iγ5u(p), (23)

which is specific to the relativistic form of the π2π ampli-
tude. The identity can not support the above points 2., 3.
simultaneously.

In the present paper we consider the amplitude of
the π2π reaction built of numerous resonance contribu-
tions, including the separately treated OPE mechanism,
and the smooth polynomial background (see Sect. 2.).
Its complicated appearance reflects the influence of the,
generally, off–shell processes like ππ → ππ, πN → πN ,
πN → πN (∗), πN → π∆ on the near–threshold region of
the discussed reaction.

The fittings strongly confirmed the importance of all
quoted exchange mechanisms. This result can not be con-
sidered as the totally new one. For example, the impor-
tance of isobars already had been stressed in the paper
[55] in terms of the sophisticated analysis of the ampli-
tude form.

The near–threshold region 280 ≤ PLab ≤ 500 MeV/c
can not be considered as the selfcontained one because of
large ∆, N (∗) widths. The isobars extend their strong in-
fluence up to the very π2π threshold. In the absence of
isobar contributions the considerable improvement of the
fit due to the imaginary background serves as an indirect
evidence of the importance of the discussed isobar mecha-
nisms (see Table 4). The interrelation of these mechanisms
with the OPE one will be discussed below.

In view of the discussion of the role of background pa-
rameters (see Subsect. 2.4.) it is not so surprising that
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Fig. 8. Experimental distri-
butions and theoretical predic-
tions for spectra of the {− +
n} channel from the paper [46]
by Saxon and from the paper
[40] by Kirz (normalized quasi–
amplitude 〈M〉norm)

only few of them are found important in fittings when
all exchange mechanisms are being present. The fact that
the parameters of the isospin amplitude D are found to
be consistent with zero reflects the negligible influence of
higher τ–resonances like SENN (ω) on the amplitude in
the considered energy region. Even the nonzero contri-
butions to this isospin amplitude from isobar exchanges
almost cancel each other — this might be derived from
an approximate equality of the resulting theoretical cross
sections of {−0p} and {+0p} channels.

The OPE contribution is in the center of our inves-
tigations. The improvement of χ2

DF with the inclusion of
OPE is found to be statistically important in all variants
(see Tables 4, 5). The 4π vertex of the OPE graph is taken
in the direct amplitude form which contains 4 parameters
g0, g1, g2 and g3 and respects the isospin, crossing and
approximate–unitarity properties of the ππ amplitude off
the mass shell. For values of these parameters in the best
physical solutions in terms of the ππ–scattering lengths
see Table on the following page. Here, we list also the

currently adopted experimental values of the compilation
[50].

Generally, the solutions display that the precision of
determination of the D–wave parameters g2 and g3 is not
worse than that of g0, g1 parameters. This was attributed
to the characteristic energy dependence of the isospin–
zero S wave. The parameters of the latter via crossing
and kinematics are related to D–wave scattering lengths
— this is clearly demonstrated by the aI=0

2 errors in the
above list.

The poor precision of determination of the ππ–interac-
tion parameters has its origin in 3 principal reasons: 1) the
data accuracy; 2) the competition of other mechanisms; 3)
the incomplete nature of the current experimental setup.

The first point is evident — the data accuracy will be
improved soon (look [4] for the survey of experiments).

The second one stems mainly from the isobar exchanges.
This is clearly revealed by fittings: whenever an isobar
mechanism is absent it is easy to find a solution with aI=0

0

in the range 0.20 — 0.30; it drops to the 0.00 — 0.20 range
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χ2
DF aI=0

0 aI=2
0 aI=1

1 aI=0
2 aI=2

2

1.161 0.07±0.12 -0.056±0.036 0.045±0.017 0.0052±0.0031 -0. 0005±0.0014
1.203 0.07±0.11 -0.076±0.073 0.047±0.025 0.0023±0.0027 -0. 0013±0.0014
1.205 0.17±0.12 -0.053±0.039 0.054±0.022 0.0054±0.0025 -0. 0002±0.0012
1.212 0.19±0.11 -0.059±0.045 0.053±0.022 0.0062±0.0027 0. 0006±0.0015

[50] 0.26±0.05 -0.028±0.012 0.038±0.002 0.0017±0.0003 0.0001±0.0003

if all isobar mechanisms are involved. It is interesting that
the effect of ρ exchanges is quite opposite. In other words,
the larger values of ππ–scattering lengths are gained when
OPE is forced to stay for an essential but missed isobar
contribution.

The important question is about the nature of parame-
ters which correlations with the OPE set g0, g1, g2, g3 are
so devastating. Unfortunately, these are not the param-
eters of the DE–type graphs which might be estimated
from the decay characteristics or might be known, like the
gπNN constant, from the low–energy πN phenomenology.
Instead, the root correlations are due to parameters R1–
R4 and D1–D4 of the SEπN (N (∗)), SEπN (∆) graphs (see
Tables 2, 3). The explanation is simple. Parameters of the
graphs of the SE type play the same role in respect to
the ones of the DE type as the background parameters
A1–A18 and their analogs i19–i36 do in respect to all ex-
change parameters. Indeed, outside the resonance region
the contraction of any pole in the DE graph leads to the
single–pole contribution, i.e. to the one described by the
SE graphs.

Here, one observes the interrelation of the point 2. with
the first one since the data restricted to the region below
resonances can not help much to fix up parameters of pro-
cesses like πN → πN (∗), N (∗) → ππN , πN → π∆, etc.

We found the numerous set of solutions describing the
data at the acceptable level of χ2. The origin of this phe-
nomenon must be explained in part by the importance of
all 4 spin structures of the π2π amplitude (see (4), (10)).
This is the reason number 3 for the poor accuracy of our
final results.

Indeed, the unpolarized data measure only one combi-
nation of spin structures, namely, the combination given
by the matrix element (14), leaving these structures al-
most free to stand one for another. Therefore, the absence
of polarized measurements in the energy region PLab ≈
500 MeV/c and the abundance of mechanisms specific to
the considered reaction is the reason of huge correlations
of OPE parameters with the rest ones on the available
data base.

Meanwhile, the extreme importance of the nucleon spin
in the considered reaction at higher energies had been re-
cently reported by Svec in the paper [56]. We see the
clear signal of nontrivial spinor structures in the results
of our analysis. This provides a motivation for the polar-
ization measurements of πN → ππN reactions at the dis-
cussed energies. Up to now the known polarization mea-
surements of the π2π reactions had been performed at
considerably higher energies, for example, at 5.98 GeV/c
and 11.85 GeV/c [57] and at 17.2 GeV/c [58]. Their anal-

yses [59], [60] already proved such measurements to be
detailed sources of information on the ππ interaction at
high energies.

Certainly, the complete polarization experiment re-
quires the analysis of the polarization of the final nucleon
— in the near future this is hardly to be carried out for
such rare processes as the considered one. Nevertheless,
the examination of the spinor structure of the considered
amplitude (4) displays that the almost exhaustive infor-
mation might be obtained already from the experiment
with the polarized target. Indeed, there are two indepen-
dent asymetries

A±(s) =
σ(s;k⊥±)− σ(s;−k⊥±)
σ(s;k⊥±) + σ(s;−k⊥±)

, (24)

where s is the vector of the nucleon polarization and k⊥±
are the projections of vectors k± = k2 ± k3 to the plane
which is orthogonal to s. Their measurements must pro-
vide an information on two additional combinations of
four spinor structures of the decomposition (4) which are
independent from the combination of the matrix element
(14).

5.3 General conclusion

We develop the phenomenological amplitude of the πN →
ππN reaction taking into account the polynomial back-
ground derived with the account of isotopic, crossing, C,
P and T symmetries of strong interactions, the exchanges
of ∆ and N (∗) along with the OPE mechanism. The con-
tribution of the latter contains 4 independent low energy
parameters up to O(k4) order.

The data base consisting of total cross sections in the
energy region 0.300 ≤ PLab ≤ 500 MeV/c and 1D distri-
butions from the bubble–chamber experiments was used
to determine free parameters of the amplitude. Practically
all data points of the considered data base were found nec-
essary for this.

For the first time there was found an amplitude equally
well describing the broad variety of different data in all re-
action channels. The best solutions are characterized by
χ2

DF = 1.16, N = 411. The isobar exchanges are found to
be more important than OPE at the considered energies.
Despite this the parameters of OPE are statistically signif-
icant; however, the ππ–scattering lengths appear different
in different solutions.

We find that the approach based on the extensive phe-
nomenological model (a la Oset–Vicente–Vacas) requires
to develop the common analyses of related processes like
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πN → πN (∗), πN → π∆ — i.e. the processes described by
the Lagrangian terms listed in Tables 2, 3 — and, hence,
to extend the energy region up to PLab ∼ 1 GeV/c. In
other words, the problem of determination of the low–
energy ππ–scattering characteristics is a part of the more
comprehensive problem of investigation of π2π dynamics
at low and intermediate energies.

The results of contemporary experiments [53,54,52]
must provide much more precise determination of ππ pa-
rameters since their correlations with the unknown param-
eters of isobar mechanisms originating from the discussed
above spin structures will be resolved in part due to the
improved data accuracy. However, it is difficult to over–
estimate the role of the polarized data.

The amplitude which structure will be fixed by the
analysis of statistically significant data, might gain the
wide range of applications beyond the testing of ChPT
predictions. For example, it might be used for the com-
mon analysis of πN → ππN , γN → ππN and πN–elastic
data, for investigations of the η production in the pro-
cess πN → ηN , for correcting experimental distributions
obtained at devices with the restricted geometry and for
other investigations at intermediate energies. This is en-
sured by the fundamental role of the πN → ππN reaction
in nuclear and particle physics.
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